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Abstract. In this paper, the Lorentz transformation is derived from the two
postulates: the equivalence of all inertial reference frames and the invariance of the
speed of light. However, the most general transformation of space and time
coordinates can be derived using only the equivalence of all inertial reference frames
and the symmetries of space and time. The general transformation depends on one
free parameter with the dimensionality of speed, which can be then identified with
the speed of light c. This derivation uses the group property of the Lorentz
transformations, which means that a combination of two Lorentz transformations also
belongs to the class Lorentz transformations.

This paper is organized as follows. Section (Il) derivation of the Lorentz
transformation. In Section (I11) the study of the group property of special Lorentz
transformation.

Keywords: Lorentz substitution, speed of light, space and time, inertial
reference frames, special theory of relativity.

LORENTS ALMASHTIRISHLARI VA ULARNING GRUPPAVIY
XUSUSIYATLARI

Annotatsiya. Ushbu magolada Lorentz transformatsiyasi ikkita postulatdan
kelib chiqadi: barcha inertial sanoq sistemalarining ekvivalentligi va yorug*lik
tezligining o‘zgarmasligi. Biroq, fazo va vaqt koordinatalarining eng umumiy
o‘zgarishi fagat barcha inertial sanoq sistemalarining ekvivalentligi va fazo va
vaqtning simmetriyalaridan foydalangan holda olinishi mumkin. Umumiy o‘zgarish
tezlikning o‘lchamiga ega bo‘lgan bitta erkin parametrga bog‘liq bo‘lib, u keyin
yorug‘lik tezligi ¢ bilan aniglanishi mumkin. Xulosa o‘rnida, Lorents
almashtirishlarining guruh bo‘lishni isbotlash uchun ikkita Lorentz almashtirishni
qo‘shilishidan foydalanadi

Ushbu maqola quyidagicha tashkil topgan: I. Kirish.  (II). Lorents
almashtirishining keltirib chiqarilishi bo‘limi. (lll) bo‘limda maxsus Lorents
almashtirishining guruhiy xususiyatini o‘rganish.

Kalit so‘zlar: Lorentz almashtirishi, yorug‘lik tezligi, fozo va vaqt, inersial
sonog sistema, maxsus nisbiylik nazariyasi.
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BBIBO/I IPEOBPA30OBAHUS JIOPEHIIA U UX T'PYIIIIOBBIE
CBOMCTBA

AnHoranusi. B nanHoi padore mpeodpazoBanue JIopeHIla BEIBOIUTCS U3 ABYX
MOCTYJIATOB:  DKBUBAJICHTHOCTH BCEX HWHEPIHMATBHBIX CHCTEM OTCUeTa U
WHBAPUAHTHOCTH CKOpocTu cBera. OpHako Haubosiee oOIiee MpeoOpa3oBaHue
IIPOCTPAHCTBEHHO-BPEMEHHBIX KOOPJAWHAT MOXHO BBIBECTH, HCIOJIB3Ys TOJBKO
HKBUBAJICHTHOCTh BCEX MHEPIIMAIBHBIX CUCTEM OTCYETa U CUMMETPHH MPOCTPAHCTBA
u BpeMeHu. Ob1iee npeoOpa3zoBaHUe 3aBUCUT OT OJAHOTO CBOOOJHOTO IMapameTpa ¢
pPa3MEpPHOCTHI0 CKOPOCTH, KOTOPYIO 3aTE€M MOXHO OTOXKIECTBUTH CO CKOPOCTBIO
cBeTa C. DTOT BBIBOJ MCIIOJIB3YET TPYIIIOBOE CBOMCTBO MpeoOpa3oBanuii JlopeHiia,
YTO O3HayaeT, uYTO KOMOMHaIusg JByX mpeoOpazoBanuii JlopeHma Takxke
MPUHAJJICKUT K Kiaccy npeodpaszoBanuii JIopeHiia.

Orta crarhkd oOpraHu3oBaHa cieayomuM obpaszom. Paszmen (1) BbeiBoA
npeoOpazoBanusa Jlopenma. B pasmene (lll) wu3ydenue rpynmoBoro cBoicTBa
crieruaibHOro npeodbpazoanus JlopeHna.

KuroueBnble cioBa: [IpeoOpa3zoBanus JlopeHiia, CKOpocTh CBETa, TPOCTPAHCTBO
U BpeMsi, HHEPIIMAIbHAS CHCTEMa OTCYETa, CIICIIMAIbHASL TEOPHsS] OTHOCUTEIHHOCTH.

I. INTRODUCTION

All physical phenomena take place in space and time. The theory of space and
time is called the Special Theory of Relativity [1]. The Lorenz transformations — LT
are very useful tools to solve a lot of problems associated with the special behavior of
space-time coordinates of observers moving at high-speed as predicted by Einstein’s
special relativity theory [2,3]. However, many authors classify them as not
transparent from a physical point of view and avoid using them directly. Some others
prefer to derive these equations starting with alternative theoretical constructs or
particular assumptions that occur as dogmatic as well for the beginner [2, 7].

I1. Derivation of the Lorentz Transformation

The derivation can be compactly written in matrix form. However, for those not
familiar with matrix notation, | also write it without matrices and also we use the
following conditions: Space is uniform and isotropic, time is uniform [1-4].

Let us consider two inertial reference frames S and S'. The reference frame s’
moves relative to S with velocity & in along the X axis. We know that the
coordinates Y and Z perpendicular to the velocity are the same in both reference

frames: Y=Y and Z=17'. So, it is sufficient to consider only transformations of the

coordinates X and U from the reference frame s to X' = f (xt) and t'= f,(x,t) in

the reference frame s’.
From translational symmetry of space and time, we conclude that the functions

f (x,t) and f,(x,;t) must be linear functions. Indeed, the relative distances between



two events in one reference frame must depend only on the relative distances in
another frame:

Xp =Xy = f(Xy = Xy, bt — £5) by =ty = fr(Xg — Xp, 1 — L), (1)
Because equation (1) must be valid for any two events, the functions f,(X,t)

and f,(X,t) must be linear functions. Thus

X' =nx + ut (2)
t' =X +yt, (3)

where 77,4, and ¥ are some coefficients that depend on &. In matrx form,
equations (2) and (3) are written as

el 2L ®

with four unknown functions 7, u,» and y of 9.

The origin of the reference frame s’has the coordinate X'=0 and moves with
velocity ¢ relative to the reference frame s, so that x =9t. Substituting these values
into Equation (2),we find

0=ndt + 1t — 1=—9n.Thus, equation (2) has the form

X' =1X+ it =1(X—5t) (5)

so we need to find only three unknown functions 7, u#,» and y of 9.

The origin of the reference frame shas the coordinate x=0 and moves with
velocity — ¢ relative to the reference frame s', so that X" = —St” .Substituting these
values in equations (2) and (3), we find v =5. Thus, Equation (3) has the form

t'=aX+nt =n(=ExX+1), (6)

where we introduced the new variable X = w/7.

Let us change to the more common notation 77 =y . Then equations (5) and (6)
have the form

X = y(x—9t), (7)
t'=y(Ex+t) (8)

NN ®

now we need to find only two unknown functions ygand X, of 9.

A combination of two Lorentz transformations also must be a Lorentz
transformation. Let us consider a reference frame s'moving relative to Swith
velocity 9 and a reference frame s” moving relative to s'with velocity 9,. Then

or in the matrix form



X' =7, (K= 8), X =74 (x=0)

"=y, X' +t), /=y, (Z4x+1) (10)
or in the matrix form
_X” B 1 _32_ X'
|7, 1 v
(x| 1 -9 |x
_t! _}/191 2191 1 _t ' (11)

Substituting x"and t’ from the second equation (10) into the first equation (10), we
find
X"=]/32 {731()(_1910_791'92(291X+t)}:732791 {(1_23192))(_(‘91 ""92)[}
t"=y, {292 (7y (X=91) +7, (Z%XH)}: Ve,V s {(291 +2, )X+(1_292 ‘91)} (12)

or in the matrix form

X" 1 -9 1 -97x 1-3,9, -9 -%|x 13

v|T7e s, 1 s, 1 1775, e, 105,80 U9

For a general Lorentz transformation, the coefficient in front of X in equation

(7) and in front of t in equation (8) are equal, i.e. the diagonal matrix elements in

equation (9) are equal. equations (12) and (13) must also satisfy this requirement:
_ 1 &G
1-%,9 =1 2321913292 "3, (14)
In the second equation (14), the left-land side depends only on %, ,and the right-
hand side only on 4 . This equation can be satisfied /X is a constant aindependent

of velocity 4, i.e.
Xy =— (15)
Substituting equation (15) into equations (7) and (8), as well as (9), we find

X' =y,(x—9t), t'=7/g(§+t) (16)

el YL an

Now we need to find only one unknown function } 4, whereas the coefficient a

is a fundamental constant independent on 9.
Let us make the Lorentz transformation from the reference frame s to s’ and
then from s’ back to s.The first transformation is performed with velocity ¢, and the

or in the matrix form



second transformation with velocity —9.The equations are similar to equations (10)
and (11):
X=7 (X + &), X' =y,(x—%)

t= y_g(— X9 +t'j, t'= 79(ﬁ+tj, (18)
a a
X 1 9[x
RSB
X' 1 -9«
e 3L
Substituting x’ and t' from the first equation (18) into the second one, we find

X3 X9 9
X:79{79(X_’9t)+‘97/9(?+tj} VooV X=V oY gty gVg——FV gVeH= 7379[1"' aj

or in the matrix form

(19)

X —9t)9 X9 X9 9% X9
t=m{—%+m(?+tj} R A Rk T b AV 7979[ j (20)

or in the matrix form

R I Y S Ao B

equations (20) and (21) must be valid for any x and t, so
1

1+ 9%/a
Because of the space symmetry, the function y, must depend only on the absolute
value of velocity 4, but not on its direction, so y 4=y, Thus we find

1

Substituting equation (23) into equations (16) and (17), we find the final
expressions for the transformation

V_9Vs = (22)

(23)

, X—9t , X9/a+t
X'm2e—m——au, ' = ———— 24
J1+9%/a J1+9%/a ()
or in the matrix form
v Slee 1 @
t’ 1+9%/alFa 1 |t

equations (24) and (25) have one fundamental parameter a, which has the
dimensionality of velocity squared.

If a<0, we can write it as a=-c’ (26)
Then equations (24) and (25) become the standard Lorentz transformation:



, =X ?+t

M P 9)

It is easy to check from equation (27) that, if a particle moves with velocity c in
one reference frame, it also moves with velocity cin any other reference frame, i.e. if
x =ct then x’=ct. Thus the parameter C is the invariant speed.

Knowing about the Maxwell equations and electromagnetic waves, we can
identify this parameter with the speed of light. It is straightforward to check that the
Lorentz transformation (27) and (28) preserves the spacetime interval

(ot —(x')" = (et)" ~ (x)*, (29)

so it has the Minkowski metric[4-7].

!

X (27)

I11. Group property of special Lorentz transformation.
The Lorentz transformation (28) can be written more symmetrically as

x| 1 1 —9/c| x (30)
ct'] 1-9%/cz|-%c 1 Ject
Instead of velocity ¢, let us introduce a dimensionless variable « called rapidity
and defined as
1

ch’a

tha=9/c, ch’a—-sh’a=1 1-th’a=

whereth, shand ch is the hyperbolic tangent, hyperbolic sine and hyperbolic cosine.

We use these formulas we will transform Lorentz of a factor and thus

1 1 _ 1 _ cher

\/1—192/C2 _\/1—th2a \/Chza—shza
ch’a

Then equation (30) acquires the following form:

e L | e

Let us consider a combination of two consecutive Lorentz transformations with
velocities 9,and 4,as described in the first part. The rapidity « of the combined boost
has a simple relation to the rapidities «,and «,each boost:

a=a, +a, (32)
Indeed, equation (32) represents the relativistic law of adding velocities
tha, +tha 9, +9
thag=—1—"2 = g=""1_"2 33
“ 1+thejtha, - %S, 43)

1+

CZ



Let us denote the 2x 2 matrix in equation (31) asM («). Then, the combination
of two boosts has the simple matrix form

M(e, +a,) =M(a )M(a,). (34)

We see that the Lorentz transformations form a group, similar to the group of
rotations, with the rapidity being the (imaginary) rotation angle.
For example, we can check the axiom of associativity.

Associative Property of Special Lorentz Transformation

Consider three inertial frames of reference s,s’, s"and s” where the frame
s is at rest and the frame s’ is moving with velocity u with respect to s, s"is
moving with velocity v with respect to s', s” is moving with velocity w respect
to s” then associative property says that (UD@V)@w=u® (v w). Here we use
unit c =1.

The velocity addition formul a for special Lorentz transformation [3] can be
written as

R

W =u®v= )
1+uv

(35)

Now, if S" moves with velocity W" with respect to S, then according to
the velocity additi on formula for special Lorentz transformati on [3, 4] can be
written as

u+v
W'+ w U+V+ W+ Uuvw
W =U®v)®w= =1+ . (36)
1+w'w 1 u+v 1+uv+uw+vw
+ W
1+uv
Again, let S” moves with velocity v with respect to s’ and s” moves with

velocity W with respect to s” then according to the velocity addition formula for
the Special Lorentz transformati on [3-5] the resultant velocity of V and W can
be written as

VW

W=vdw= )
1+vw

(37)

Finally, let s” moves with velocity u with respect to s’ and s" moves with
velocity w' with respect to s” the resultant velocity [3] of u and w' can be written
as

V4w

! U +

u+w 1+vw _ U+V+W+uvw

1+ uw 1+u V+W  14uv+Uuw+vw
1+vw

wW=u®(Vow)= =udv)®w. (38)

Hence,
Udv)ew=ud(Vew). (39)



Consequently, special Lorentz transformation satisfies the associative property.

Conclusion

In conclusion, we have seen the derivation of the Lorentz transformation and
the existence of the group property. As a proof, the property of associativity was
checked.
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